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Abstract. In this paper, wc firstly construct a Hausdorff non-submetrizable 
paratopological group G in which every point is a Gf -set, which gives a negative 
answer to Arhangel'skii and Tkachenko's question [Topological Groups and 
Related Structures, Atlantis Press and World Sci., 2008]. We prove that each 
first-countable Abelian paratopological group is submetrizable. Moreover, we 
discuss developable paratopological groups and construct a non-metrizable, 
Moore paratopological group. Further, we prove that a regular, countable, 
locally fc^-paratopological group is a discrete topological group or contains 
a closed copy of Su- Finally, we discuss some properties on non-H-closed 
paratopological groups, and show that Sorgenfrey line is not H-closed, which 
gives a negative answer to Arhangel'skii and Tkachenko's question [Topological 
Groups and Related Structures, Atlantis Press and World Sci., 2008]. Some 
questions are posed. 



1. Introduction 

A semitopological group G is a group G with a topology such that the product 
map of G x G into G is separately continuous. A paratopological group G is a group 
G with a topology such that the product map of G x G into G is jointly continuous. 
If G is a paratopological group and the inverse operation of G is continuous, then 
G is called a topological group. However, there exists a paratopological group which 
is not a topological group; Sorgenfrey line (jTCl Example 1-2.2]) is such an example. 
Paratopological groups were discussed and many results have been obtained [7J [HI 

i nam nam ng. 

Proposition 1.1. [29] For a group with topology (G,t) the following conditions 
are equivalent: 

(1) G is a paratopological group; 

(2) The following Pontrjagin conditions for basis 88 = 8§ T of the neutral ele- 
ment e of G are satisfied. 

(a) (VZ7, V G 88){3W G £§): W C U n V; 

(b) (W G #)(3V G 88): V 2 cU; 

(c) (VZ7 e d)\ix G U)(3V G 30): VxcU; 

(d) (VC7 G M){Mx G G)(3V G #): ^s" 1 C 17; 
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The paratopological group G is Hausdorff if and only if 

(e) CllUU- 1 :UeS8} = {e}; 

The paratopological group G is a topological group if and only if 

(f) (VC/ G G SS): V- 1 C U. 

In this paper, we mainly discuss the following questions. 

Question 1.2. [8, Open problem 3.3.1] Suppose that G is a Hausdorff (regular) 
paratopological group in which every point is a Gs-set. Is G submetrizable? 

Question 1.3. [8, Open problem 5.7.2] Let G be a regular first- countable uj-narrow 
paratopological group . Is G submetrizable? 

Question 1.4. [5, Problem 20] Is every regular first countable (Abelian) paratopo- 
logical group submetrizable? 

Question 1.5. [5, Problem 22] Is it true that every regular first countable (Abelian) 
paratopological group G has a zero-set diagonal? 

Question 1.6. [5, Problem 21] 7s every regular first countable (Abelian) paratopo- 
logical group Dieudonne complete? 

Question 1.7. [8, Open problem 3.4.3] Let G be a regular lo -narrow first- countable 
paratopological group. Does there exist a continuous isomorphism of G onto a 
regular (Hausdorff) second- countable paratopological group? 

Question 1.8. |24j Is a regular symmetrizable paratopological group metrizable? 

Question 1.9. [8, Open problem 5.7.5] Is every paratopological group, which is 
Moore space, metrizable? 

Question 1.10. [5J Open problem 3.6.5] Must the Sorgenfrey line S be closed in 
every Hausdorff paratopological group containing it as a paratopological subgroup ? 

We shall give negative answers to Questions 11.21 11.81 11.101 and 14.21 and give a 
partial answer to Question 1 1.31 Moreover, we shall also give affirmative answers to 
Questions 11.41 11.51 11.71 and 11.61 when the group G is Abelian. 

2. Preliminaries 

Definition 2.1. Let £P — U xeX 2P X be a cover of a space X such that for each 
x G X, (a) if U, V G &> x , then W C U n V for some W G &> x ; (b) the family &> x is 
a network of x in X, i.e., x G f] £? x , and if x G U with U open in X, then P C U 
for some P G 8? x . 

The family 3* is called a weak base for X pQ if, for every A C X, the set A is 
open in X whenever for each x G A there exists P G & x such that Pel. The 
space X is weakly first- countable if 2? x is countable for each x €z X. 

Definition 2.2. (1) A space X is called an 5 w -space if X is obtained by iden- 
tifying all the limit points from a topological sum of countably many con- 
vergent sequences; 



■'"We say that a space X has a zero-set diagonal if the diagonal in X X X is a zero-set of some 
continuous real-valued function on X X X. 
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(2) A space X is called an S^-space (Arens' space) if X = {oo}U{x n :ngN}U 
{x n (m) : to,7i £ N} and the topology is denned as follows: Each x n (m) is 
isolated; a basic neighborhood of x n is {x n }U{x n (m) : m > k, for some fc £ 
N}; a basic neighborhood of oo is {oo} U (U{Ki : n > k for some k £ N}), 
where is a neighborhood of x„. 

Definition 2.3. Let X be a space and {^„}„ a sequence of collections of open 
subsets of X. 

(1) {&n\n is called a quasi- development [10] for X if for every x £ U with t/ 
open in X, there exists an n £ N such that x £ st(x, ^" n ) C U. 

(2) {^njn is called a development [30] for X if {st(x, ^ n )}n 1S a neighborhood 
base at x in X for each point x £ X. 

(3) X is called quasi-developable (resp. developable) , if X has a quasi-development (resp. 
development) . 

(4) X is called Moore, if X is regular and developable. 

A subset B of a paratopological group G is called uj-narrow in G if, for each 
neighborhood U of the neutral element of G, there is a countable subset F of G 
such that B £ Ft/ n t/F. 

A space X is called a submetrizable space if it can be mapped onto a metric 
space by a continuous one-to-one map. A space X is called a subquasimetrizable 
space if it can be mapped onto a quasimetric space by a one-to-one map. 

All spaces are To unless stated otherwise. The notations K, Q, P, N, Z are real 
numbers, rational numbers, irrational numbers, natural numbers and integers re- 
spectively. The letter e denotes the neutral element of a group. Readers may refer 
to [8] [TB] [17] for notations and terminology not explicitly given here. 

3. SUBMETRIZABLITY OF FIRST-COUNTABLE PARATOPOLOGICAL GROUPS 

In this section, we firstly give a negative answer to Question [L2] then a answer 
to Question 1 1.31 We also give affirmative answers to Questions ll. 4111.51 11.71 and ll.6l 
when G is Abelian. 

Proposition 3.1. [57] The following conditions are equivalent for an arbitrary 
space X. 

(1) The space X is submetrizable. 

(2) The free paratopological group F p (X) is submetrizable. 

(3) The free Abelian paratopological group A p (X) is submetrizable. 

Proposition 3.2. [27] The following conditions are equivalent for an arbitrary 
space X. 

(1) The space X is subquasimetrizable. 

(2) The free paratopological group F p (X) is subquasimetrizable. 

(3) The free Abelian paratopological group A p (X) is subquasimetrizable. 

Example 3.3. There exist a Hausdorff paratopological group G in which every 
point is a G^-set, and G is not submetrizable. 

Proof. Let X be the lexicographically ordered set I=(Mx {0}) U (P x Z). Then 
A is a non-metrizable linearly ordered topological space without Ga-diagonal ( |11[ 
Example 2.4]), hence X is not submetrizable. However, X is quasi-developable 
[25] . It is well known that quasi-developability in a generalized ordered space is 
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equivalent to the existence of a cr-disjoint base, or of a cr-point-finite base |12[ 
Theorem 4.2]. Hence X has c-point finite base. Therefore, X is quasi-metrizablc 
since a space with a er-point finite base is quasi-metrizable jTTJ Page 489]. Let G 
be the free Abelian paratopological group A p (X) over X. Since a totally order 
space endowed the order topology is Tychonoff, then X is Tychonoff. It follows 
from [27l Proposition 3.8] that G is Hausdorff. By Propositions 13.11 and 13.21 G is 
subquasimetrizable and non-submetrizable. Since G is subquasimetrizable, every 
singleton of G is a G^-set. □ 

Next we partially answer Question 11.31 

The weak extent [9] of a space X, denoted by uje(X), is the least cardinal number 
k such that for every open cover % of X there is a subset A of X of cardinality no 
greater than k such that st(A; = X, where st{A; = [\{U :XJ £°i/ ,U C\ A^ 
0}. If X is separable, then we(X) = to. 

Theorem 3.4. [9] If X 2 has countable weak extent and a regular Gg-diagona^, 
then X condenses onto a second countable Hausdorff space. 

Theorem 3.5. |19j Each co-narrow first- countable paratopological group is separa- 
ble. 

Theorem 3.6. If G is a regular uj-narrow first- countable paratopological group, 
then G condenses onto a second countable Hausdorff space.. 

Proof. It is straightforward to prove that the product of two w-narrow paratopo- 
logical groups is an w-narrow paratopological group. Then G 2 is an w-narrow 
first-countable paratopological group, and hence G 2 is separable by Theorem 13.51 
Then G 2 has countable weak extent. Moreover, it follows from [22] that G has a 
regular G^-diagonal. Therefore, G condenses onto a second countable Hausdorff 
space by Theorem 13.41 □ 

Corollary 3.7. Let (G, r) be a regular to -narrow first- countable paratopological 
group. There exists a continuous isomorphism of G onto a Hausdorff second- 
countable space. 

A paratopological group G with a base at the neutral element SB is a SIN- group 
(Small Invariant Neighborhoods), if for each U £ S3 there exists a V £ S3 such that 
xVx -1 c U for each x £ G. 

Theorem 3.8. If (G,t) is a Hausdorff SIN first- countable paratopological group, 
then G is submetrizable. 

Proof. Let {U n : n £ N} be a countable local base of (G, r) at the neutral element 
e, where E/ n +i C U n for each n £ N. 

For x £ G, let B x = {xXJ n XJ~ x : n £ N}. Then {B x } xeG has the following 
properties. 

(BP1) For every x £ G, B x ^ 9 and for every U £ B x ,x £ U. 
(BP2) If x £ U £ By, then there exists a V £ B x such that V CU 
In fact, if x £ U — ylJiU^ 1 £ B y , then x = yu\u^ x for some U\,U2 £ Ui. Pick 
Uj,U k £ {U n : n £ N} such that U k C U h uiU k C Ui,U,jU 2 C U k ,U2 1 U j u 2 C U k . 

2 A space X is said to have a regular Gs-diagonal if the diagonal A = {(x, x) : x £ X} can be 
represented as the intersection of the closures of a countable family of open neighborhoods of A 
in X X X. 
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Then xVjUj 1 = yu^UjUJ 1 C yu x U k u^Uj x c yU l {U j u 2 y 1 C yUtUj^ 1 C 
yUiUr 1 = U. 

(BP3) For any Vi, V 2 € B x there exists aFeKj such that F C Vi fl V 2 . 

Let r* be the topology generated by the neighborhood system {B x } x& g- Obvi- 
ously, the topology of (G, r*) is coarser than (G, r) and it is first-countable. We 
prove that (G, r*) is a Hausdorff topological group. 

It is easy to see that (a), (d) and (f) in Proposition 11.11 are satisfied. (BP2) 
implies (c). We check conditions (b) and (d). 

Fix neN. Then there is k > n such that Uj* C U n since (G, r) is a paratopo- 
logical group. G is a SIN-group, there exists an m > k such that xU m x~ x C Uk for 
eachx e G, and hence U~ l U m C UkU^ 1 . Then UmU^UmU' 1 C UwUkU^U^ 1 C 
UkUkU^U- 1 C Hence (b) is satisfied. 

Since {[/„ : n 6 N} is a network of G at e, fL^N UnU^ 1 = {e} by [21 Proposition 
3.4, 3.5]. Therefore, (G, r*) is Hausdorff, and hence it is Tychonoff. 

Since first-countable topological group metrizable, we have (G, r*) is metrizable. 
Therefore, G is submetrizable. □ 

It is well known that all submetrizable spaces have a zero-set diagonal. Therefore, 
Theorem 13.81 gives a partial answer to Question 11.51 

Corollary 3.9. If (G, r) is a Hausdorff Abelian first- countable paratopological 
group, then G is submetrizable. 

Indeed, we have the following more stronger result. 

Theorem 3.10. //(G, t) is a Hausdorff Abelian paratopological group with a count- 
able ir-character, then G is submetrizable. 

Proof. Let 53 — {U a : a < n} be a local base at the neutral element e. It follows 
from the proof of Theorem 13.81 that the family {Uall' 1 : a < n} is a local base at 
point e in the Tychonoff topological group (G, r*). 

Let = {V n : n G N} be a local 7r-base at e. Put & = {V n V~ l : n e N }. Then 
J£"' = {int{y n V~ l ) : n 6 N} is a local base at e in r*. 

Indeed, for each n € N and fix a point i6 7„, then x~ 1 V n is an open neighbor- 
hood at e in t, and hence there exists an [/„ G J such that U a C x -1 ^. Thus 
\JaU~ 1 C x^VnV^x = VnV" 1 , which implies that VnV^ 1 is a neighborhood 
of e in t*. On the other hand, fix a < k, there is n 6 N such that V n C U a . 
VnV- 1 C C/aC/^ 1 - Therefore, = {int{y n V- x ) : n 6 N} is a local base at e in r*. 

Since first-countable topological group metrizable, we have (G, r*) is metrizable. 
Therefore, G is submetrizable. □ 

Since every submetrizable space is (hereditarily) Dieudonne complete, Corol- 
lary 13.91 give a partial answer to Question 11.61 

Theorem 3.11. Let (G,t) be a Hausdorff separable SIN first-countable paratopo- 
logical group. There exists a continuous isomorphism ofG onto a Tychonoff second- 
countable topological group. 

Proof. By the proof of Theorem 13.81 we know that (G, r*) is metrizable. Since 
G is separable and r* C r, (G,t*) is separable, and hence (G, r*) is a second- 
countable topological group. Hence there exists a continuous isomorphism of G 
onto a Tychonoff second-countable topological group. □ 
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By Theorem I3.5| we have the following corollary, which gives a partial answer 
to Question ll.71 

Corollary 3.12. Let (G,r) be a Hausdorff to-narrow first- countable SIN paratopo- 
logical group. There exists a continuous isomorphism ofG onto a Tychonoff second- 
countable topological group. 

The following two theorems give another answers to Questions 11.41 and 11.61 

Theorem 3.13. If (G,t) is a Hausdorff saturate^ first- countable paratopological 
group, then G is submetrizable. 

Proof. Suppose that {U n : n € N} is a countable local base at e. Let 

a = {U C G : There exists an n € N such that xUnU" 1 C U for each x € U}. 

Since G is saturated, it follows from [T3| Theorem 3.2] that (G,er) is a topological 
group. Obvious, (G, a) is T\ since (G, r) is a Hausdorff, and hence (G, a) is regu- 
lar. Then (G, a) is first-countable, and thus it is metrizable. Therefore, (G,r) is 
submetrizable. □ 

Theorem 3.14. If (G,t) is a Hausdorff feebly compact first- countable paratopo- 
logical group, then G is submetrizable. 

Proof. Suppose that {U n ■ n e N} is a local base at e. Then the family {intJ7„ : 
n E N} is a local base at e for a regular paratopological group topology a on G. 
Obviously, (G, a) is feebly compact. Since (G,ct) is first-countable, (G, a) has a 
regular Ga-diagonal [22]. Then (G,ct) is metrizable since a regular feebly compact 
space with a regular G^-diagonal is metrizable. Therefore, (G, r) is submetrizable. 

□ 

Next, we gives an another answer to Question 11.21 

Theorem 3.15. Let (G,r) be a Hausdorff SIN paratopological group. If G is locally 
countable, then G is submetrizable. 

Proof. Since G is locally countable, there exists an open neighborhood U of e such 
that U is a countable set. Then UU^ 1 is also a countable set. Let UU^ 1 \ {e} = 
{x n : n € N}. Since G is a paratopological group, we can find a family of countably 
many neighborhoods {V n : n £ uj} of e satisfying the following conditions: 
{i)V = U; 

(ii) For each n 6 uj, then V^ +1 C V n ; 

(iii) For each n£N, then x n VnV' 1 (This is possible since G is Hausdorff.) 

(iv) For each new, then xVn+ix^ 1 C V n for each x e G. 

Since G is a SIN group, the topology a generated by the neighborhood basis 
{V n : n G N} is a paratopological group. Clearly, (G, er) is coarser than r. Since 
rineN^^nT 1 = i e } ^ ( m )' CT i s Hausdorff. Therefore, (G, a) is a Hausdorff SIN 
first-countable paratopological group, and it follows from Theorem 13.81 that G is 
submetrizable. □ 

Corollary 3.16. Let (G,t) be a Hausdorff Abelian paratopological group. If G is 
locally countable, then G is submetrizable. 



paratopological group G is saturated if for any neighborhood U of e the set U 1 has 
nonempty interior in G. 

space X is called feebly compact if each locally finite family of open subsets in X is finite. 
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4. Developable paratopological groups 

Recall that a topological space is symmetrizable if its topology is generated by a 
symmetric, that is, by a distance function satisfying all the usual restrictions on a 
metric, except for the triangle inequality pQ. 

Now, we give a negative answei|j to Qucstion ll.8l bv modifying [23l Example 2.1]. 

Example 4.1. There exists a separable, Moore paratopological group G such that 
G is not metrizable. 

Proof. Let G = R. x Q be the group with the usual addition. Then we define a 
topology on G by giving a local base at the neutral element (0, 0) in G. For each 
neN, let 

U n (0, 0) - {(0, 0)} U {{x, y) : y > nx, y < -, y G Q, x > 0}. 

n 

Let cr be the topology generated by the local base {U n : n G N} at the neutral 
element (0,0). It is easy to see that (G, cr) is a semitopological group. Now, we 
prove that is a paratopological group. Since G is Abelian, it only need to prove 
that for each n e N there exists an m G N such that C E/ n . Indeed, fix an 
n G N, Then we have t/| n C U n . For two points (xi,yi) £ Ui„(i — 1,2), where 
a* > 0,2/i < ^,yi > 4:nx l7 yi G Q(« = 1,2). Let 

(x,j/) = (xi,2/i) + (x 2 ,y 2 ) = (xi +x 2 ,yi +j/a)< 

Obviously, we have 

1111 

a: = xi + £ 2 > 0, y = yi + y 2 < -r- + -j- = 77- < 

An An An n 

and 

y = y\ + 2/2 > 4ncci + 4nx2 = 4nx > nx. 

Then (x, y) & U n , and hence {/!„ C {/„. Moreover, it is easy to see that G is regular, 
separable and first-countable space. 

For each q G Q, it is easy to see that the family {{(x, q)} : x G HI is uncountable 
discrete and closed, hence G is a cr-space, and thus it is a /?-spacqj. G is a Moore 
space by [23l Corollary 2.1]. Hence G is semi-metrizable [17]. Therefore G is 
symmetrizable since a space is semi-metrizable if only if it is first-countable and 
symmetrizable [17 . However, G is not metrizable since G is separable and contains 
a uncountable discrete closed subset. □ 

Question 4.2. Is every quasi-developable paratopological (semitopological) group a 
(3 -space? 



Next, we give a partial answer to Question 14.21 

Lemma 4.3. 7, Lemma 1.2] Suppose that G is a paratopological group and not a 
topological group. Then there exists an open neighborhood U of the neutral element 
e of G such that UCiU" 1 is nowhere dense in G, that is, the interior of the closure 
of U l~l U^ 1 is empty. 



^Li, Mou and Wang 1191 also obtained a non-metrizable Moore paratopological group. 

''Let (X, t) be a topological space. A function g : ui X X — ¥ r satisfies that x £ g(n, x) for 
each x £ X, n £ u. A space X is a /3-space |17| if there is a function g : ui X X — > r such that if 
x £ g(n,x n ) for each n £ uj, then the sequence {x n } has a cluster point in X. 
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Theorem 4.4. A regular Bair$\ quasi- developable paratopological group G is a 
metrizable topological group. 

Proof. Claim: Let U be an arbitrary open neighborhood of e. Then U' 1 is also a 
neighborhood of e. 

Suppose that {<% : n e N} is a family of open subsets of G such that for 
each x £ G and x £ V with V open in G, there exists an n £ N such that 
x £ st(x, ty n ) £ V. For each N, put 

A n = {x £ G : st(x, %^) C x • ?/}. 

It is easy to see that G = \J{A n : n £ N}. Since G is Baire, there exists uq £ N 
such that int^4 no ^ 0. Therefore, there exist a point xo £ G and rei £ N such that 
St (s , ^nx) C An~ . Let r = {C/x n U 2 : U t £ % l0 ,U 2 £ % n }. Put W = st(x ,r). 
For each W n A„ , it is easy to see 

x £st(y,r) Cst(y,^ no ) CyU, 

hence y~ 1 xo £ U, so XpJ J/ £ C^ _1 , hence Xq 1 • D ^4« ) £ C/ _1 - Moreover, since 
W C A„ , then W C W n v4„ . Therefore, we have 

e £ x^W £ x^ 1 • W n .4 no £ 1 ■ (WnA no ) c E/- 1 . 

Since x^ -1 !^ is an open neighborhood of e, the set Z7 -1 is also a neighborhood of e. 

C/ _1 n f7 £ U n E/ -1 , by Claim, U fl E/ _1 contains a neighborhood of e, then 
E/ n U^ 1 is not nowhere dense. By Lemma l4~3l G is a topological group. Therefore 
G is metrizable since first-countable topological groups are metrizable. □ 

Finally, we pose some questions about developable paratopological groups. 

Question 4.5. 7s each regular Baire quasi-developable semitopological group G is 
a paratopological group ? 

If G is developable, then the answer is affirmative. Indeed, it was proved that 
each Baire Moore semitopological group G is a metrizable topological group 14 . 

Question 4.6. Is every developable or Moore paratopological group submetrizable? 

Question 4.7. Is every normal Moore paratopological group submetrizable? 

Question 4.8. Is every paratopological group with a base of countable orde^ de- 
velopable? 



Recall that a space is Baire if the intersection of a sequence of open and dense subsets is 
dense. 

®A space X is said to have a base of countable order(BCO) |17| if there is a sequence {B n } 
of base for X such that whenever x S b n G B n and (b n ) is decreasing (by set inclusion), then 
{b„ : n G N} is a base at x. 
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5. FRECHET-URYSOHN PARATOPOLOGICAL GROUPS 

First, we need the following Lemma. 

Lemma 5.1. 8, Theorem 4.7.5] Every weakly first- countable Hausdorff paratopo- 
logical group is first- countable. 

Arhangel'skii proved that if a topological group G is an image of a separable 
metrizable space under a pseudo-operJl map, then G is metrizable [4]. We have the 
following. 

Theorem 5.2. Let G be a uncountable paratopological group. Suppose that G is a 
pseudoopen image of a separable metric space, then G is a separable and metrizable. 

Proof. We introduce a new product operation in the topological space G by the 
formula: a x b = ba, for a, b 6 G and denote the space with this operation by 
H. Put T = e G x H,g e G}. |T| > oj since G is uncountable. By [3 

Proposition 2.9], H is a paratopological group and T is closed in the space G x H 
and is a topological group. 

Since G is a pseusdo-open image of a separable metric space, then the space G 
is a Frechet-Urysohn space with a countable k-network. G x H has a countable 
network. Hence T has a countable network. By the proof of pTl Theorem 4.9], 
T is a one-to-one continuous image of a separable metric space M. Let D be 
a countable dense subset of M, there is a sequence L C D converging to some 
point in M \ D since M is uncountable. Therefore, there is a non-trivial sequence 
{((/„, g" 1 ) : n £ N} converging to (e,e) (note that T is homogeneous), and hence 
there exists a sequence Co = {<?n : n £ N} C G converging to e and its inverse 
C\ = {gn 1 n £ N} also converges to e. G contains no closed copy of S2 since G 
is Frechet-Urysohn. By [22j Theorem 2.4], G contains no closed copy of S u - Since 
G is a sequential space with a point-countable k-network and contains no closed 
copy of S U) then G is weakly first-countable [20], and hence G is first-countable by 
Lemma 1531 Therefore G is separable and metrizable [12 Theorem 11.4(h)]. □ 

A quotient image of a topological sum of countably many compact spaces is called 
a /c^-space. Every countable fc w -space is a sequential Ko-space, and a product of 
two fc^-spaces is itself a /c^-space, see [21?] . 

Theorem 5.3. Let G be a regular countable, locally k u , paratopological group. Then 
G is a discrete topological group or contains a closed copy of S u . 

Proof. Suppose that G is an ay-space. Then since G is locally k u , G is sequential 
and Ho, and thus G is weakly first-countable [21]. Then G is first-countable by 
Lemma I5TT1 and hence G is a separable metrizable space since G is countable. If G 
is not discrete, G has no isolated points. Then G is homeomorphic to the rational 
number set Q since a separable metrizable space is homeomorphic to the rational 
number set Q provided that it is infinite, countable and without any isolated points 
[18] . However, Q is not a locally fc w -space, which is a contradiction. Then G is 
discrete, and G is a topological group. 

If G is not an ay-space, and thus G contains a copy of S u . Since every point of 
G is a G^-set, it follows from [20l Corollary 3.4] that G contains a closed copy of 
S u . ' □ 



9 A map / : X — ¥ Y is pseudo-open if for each y 6 Y and every open set (7 containing 
C 1/ one has y e int(f(U)). 
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By Theorem I5.3[ it is easy to obtain the following corollary. 

Corollary 5.4. Let G be a regular, countable, non-discrete, Frechet- Urusohn^\ 
paratopological group. If G is k u , then G contains a closed copy of S u and no 
closed copy of S2 ■ 

Since the closed image of a locally compact, separable metric space is a Frechet- 
Urysohn and /c w -space, we have the following corollary. 

Corollary 5.5. Let G be a countable non-discrete paratopological group. If G is a 
closed image of a locally compact, separable metric space, then G contains a closed 
copy of Su, and hence G is not metrizable. 



The condition "locally fc^-space" is essential in Theorem 15.31 and we can not 
omit it. 

Example 5.6. There exists a regular non-discrete countable second-countable 
paratopological group G such that G contains no closed copy of S u and G is not a 
topological group. 

Proof. Let G = Q be the rational number and endow with the subspace topology 
of the Sorgenfrey line. Then Q is a second-countable paratopological group and 
non-discrete. Obviously, G contains no closed copy of S u and G is not a topological 
group. □ 



6. NON-H-CLOSED PARATOPOLOGICAL GROUPS 

A paratopological group is H-closed if it is closed in every Hausdorff paratopo- 
logical group containing it as a subgroup. 

Let U be a neighborhood of e in a paratopological group G. We say that a subset 
A C G is U -unbounded if A KU for every finite subset K C G. 

Now, we give a negative answer to Question ll.101 

Lemma 6.1. |28j Let G be an abelian paratopological group of the infinite exponent. 
If there exists a neighborhood U of the neutral element such that a group nG is 
UU^ 1 -unbounded for every n£N, then the paratopological group G is not H-closed. 

Theorem 6.2. The Sorgenfrey line (R,t) is not H-closed. 

Proof. Obvious, R is an abelian paratopological group of the infinite exponent. 
Let U = [0,1). Then UU~ l = (-1,1) For each n G N, it is easy to see that 
nM. <£. K(—l, 1) for every finite subset K of R. Indeed, for each finite subset K of 
R, since K is finite set, there exists an n € N such that \x\ < n for each x £ K, and 
then K C (-1,1) C (-n,n). Therefore, we have nR K(—l,l). By Lemma l6TT| 
R is not H-closed. □ 

However, we have the following theorem. 

Theorem 6.3. Let (R, r) be the Sorgenfrey line. Then the quotient group (R/Z, £) 
is H-closed, where £ is the quotient topology. 

io A 

space X is said to be Frechet- Urysohn if, for each x £ A C X, there exists a sequence 
{x n } such that {x n } converges to x and {x n : n £ N} C A. 
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Proof. Let (R/Z, a) be the finest group topology such that a C £. Then (R/Z,<t) 
is compact. Therefore, (R/Z, cr) is H-closed. Hence (R/Z,£) is H-closed by [2H1 
Proposition 10]. □ 



Let G be an abelian non-periodic paratopological group. We say that G is 
strongly unbounded if there exists non-periodic element xq and open neighborhood 
U of e such that (a^nt/C/^ 1 = {e} and (ceo) is closed in G, where (xq) is a subgroup 
generated by xo . Obviously, every strongly unbounded paratopological group is not 
H-closed. 

Next, we discuss some non-H-closed paratopological groups. 
Given any elements ao, ai, • • • , a n of an abelian group G put 

X(a 0l a 1 , ■■■ ,a n ) = {a^af 1 ■ ■ - a*" ■ < Xi < n, < i < n}. 

Theorem 6.4. Let (G, r) be a Hausdorff strongly unbounded paratopological group. 
Then there exists a Tychonoff paratopological group topology 7 on G x Z satisfies 
the following conditions: 

(1) There exists a Hausdorff paratopological group topology a C 7 on G x Z 
smc/i ttai ct|gx{o} = r (C x Z, cr) contains closed copies of S2 and S u ; 

(2) (G x Z,7) is a strongly zero-dimensional, paracompact a -space; 

(3) The remainder b(G x Z, 7) \ (G x Z, 7) of every Hausdorff compactification 
b(G x Z, 7) is pseudocompact. 

Proof. Since G is strongly unbounded paratopological group, there exist a non- 
periodic element x$ of G and open neighborhood U of e such that (a^nt/C/^ 1 = {e} 
and (xo) is closed in G. Obvious, (xq) is an abelian group. Then the mapping / : 
(uxq, m) H> (n, m) is is naturally isomorphic from (xo) X Z onto a group 1x1. We 
may assume that Z x Z C G x Z. Now we define a zero dimensional paratopological 
group topology on G x Z. Obvious, we can define a positively natural number 
sequence {«„} satisfies the following conditions: 

(1) a n > n- 

(2) a n > 2a for each a S X(ai, ■ ■ ■ , a n -i)- 

Define a base SS 1 at the neutral element of paratopological group topology 7 on the 
group G x Z as follows. Put A+ = {(e,0)} U {(a^, 1) : k > n}. For every strictly 
increasing sequence put A[nk] = UieN^ni ' ' '^nr f* ut ^1 = Then 
7 is a zero dimensional paratopological group topology on G x Z, see |28[ Lemma 
3]. 

(1) By the proof of [55J Lemma 3], we can define a topology a on G x Z such 
that o-| Gx {o} = T , & C 7 and ct|zxz = 7|zxz- Let 7|z x z = ^ Since (Z x Z,£) is 
zero dimensional and countable, the space (Z x Z, £) is Tychonoff. 

Claim 1: (Z x Z,£) is a closed in (G x Z,ct). 

Since (1) n UU^ 1 = {e} and (1) is closed in G, it is easy to see that (Z x Z,£) 
is closed in (G x Z, a). 

Claim 2: (Z x Z, £) contains a closed copy of 5 W . 

For each n G N, let /3„ = {(na n +k,n)}ken- Obvious, each (3 n converges to (0,0) 
as k — > 00. 

Let X = {(na n +k,n) : k,n £ N} U {(0,0)}. It is easy to see that X is a closed 
copy of S u . 

Claim 3: (Z x Z, £) contains a closed copy of S2. 
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Let ao = {(a/c, l)}fc e N- For each n G N, let a n = {(a n + (n - l)a,k,n)}k&l- 
Obvious, ao converges to (0,0) as k — > oo and each a n converges to (a„, 1) as 
k —> oo. 

Let X = {(a„ + (n — l)afc, n) : k, n G N} U a U {(0, 0)}. It is easy to see that X 
is a closed copy of Si ■ 

(2) Let i : Z — >• Z be the identity map. Since Q is a divisible group, the map i 
can be extended to a homomorphism (f> : G — > Q. Put |a;| = |<^(a;)| for every element 
.x G G. Then | • | is a seminorm on the group G such that for all x,y G G holds 
k + < + |j/|< For each n G N, let B8 n = {{(x, y)} : <fi(x) <n,y G Z}. Then it is 
easy to see that each SS n is a discrete family of closed subsets. Since it follows from 
Theorem 13.151 that the space (G x Z, 7) is submetrizable, there exists a metrizale 
topology & such that JC7. Obvious, UneN 1S a network for (G x Z, ^), and it 
follows from [HI Theorem 7.6.6] that (G x Z, 7) is a paracompact a-space. Moreover, 
each subspace F n = U is strongly zero-dimensional and G x Z = U n eN anc ^ 
hence (G x Z, 7) is strongly zero-dimensional by '15, Theorem 2.2.7]. 

(3) Claim 4: (G x Z, 7) has no strong 7r-bascj at any compact subset of G x Z. 
Indeed, suppose there exists a compact subset K C G x Z such that if has a 

strong 7r-base ip. It is easy to see that the set {n : K n (G x {n}) ^ 0, n G Z} is 
finite. Moreover, without loss of generalization, we may assume that strong 7r-base 
ip at K is countable and each element of ip is an open neighborhood of some point in 
GxZ. Let A = {(bi,n(i)) : i G N,n(i) G Z}, and let ip = {(6,, n(i)) + A[n 4 fc ] : i G N}. 
Case 1: The set {n(i) : i G N} is infinite. 

Then it is easy to see that A contains a discrete closed subset B such that 
B n K — 0. Let £/ be an open neighborhood at K. Then U \ B is also an open 
neighborhood at K, and each (bi,n(i)) + A[n\] <£. U\B, which is a contradiction. 

Case 2: The set {n(i) : i G N} is finite. 

Let n = max({n(i) : i G N} |J{n : Kn{Gx{n}) ^ 0, n G Z}|J{0}) + 1. For each 
i+n G N, we can choose a (c^i+no) G (&,, n(i))+A[ny. Then {(c 4 , i + no) ■ i G N} 
is closed and discrete subset in (G x Z, 7) and {(c ( , i + «o) : i G N} fl i'C = 0. Let 
[/ be an open neighborhood at if. Then U \ {(c^i + uq) : i G N} is also an open 
neighborhood at K, and each n(i)) + A[n^] ^ U\{(c i ,i + n ) : i G N}, which 
is a contradiction. 

It follows from Claim 4 and [6l Corollary 4.3] that b(G x Z) \ (G x Z) is pseudo- 
compact. □ 

Remark (1) Sorgenfrey line (R, r) is a Hausdorff strongly unbounded paratopo- 
logical group, and hence we can define a Hausdorff paratopological group topology 
a on G x Z such that c|gx{o} = T an d (G x Z, cr) contains closed copies of S2 and 

(2) Let Q be the rationals with the subspace topology of usual topology R. Then 
Q is a topological group. It easily check that Q is a strongly zero-dimensional, 
nowhere locally compact, paracompact er-space. In additional, Q has a strong 7r- 
base at each point since it is first-countable. It follows from [31 Lemma 2.1] that 
the remainder of any Hausdorff compactification of Q is not pseudocompact. 

A paratopological group G is said to have the property (**), if there exists a 
sequence {x n : n G N} of G such that x n — > e and x^ 1 e. 

strong w-base of a space X at a subset F of X is an infinite family 7 of non-empty open 
subsets of X such that every open neighborhood of F contains all but finitely many elements of 
7. Clearly, a strong 7r-base can be always assumed to be countable. 
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In [22], C. Liu proved the following theorem. 

Theorem 6.5. |22) Let G be a paratopological group having the property (** )■ Then 
G has a (closed) copy of if it has a (closed) copy of S u . 

It is natural to ask the following. 

Question 6.6. [2 2) Can we omit the property (**) in Theorem \6.5l 

By Lemma [6TTT the space G in Theorem l6.4l is not H-closed. Moreover, it is easy 
to see that the paratopological group topology on Z x Z in Theorem 16.41 does not 
have the the property (**). Then we have the following questions. 

Question 6.7. Let (G,r) be a H-closed paratopological group. Does there exist a 
Hausdorff paratopological group topology a on G x Z such that ct|gx{o} — T an d 
(G x Z, a) contains closed copies of S2 and Su, ? 

Question 6.8. Let G be a not H-closed paratopological group. Is it true that G has 
a (closed) copy of S% if it has a (closed) copy of S u ? 

Question 6.9. Let G be a H-closed paratopological group. Is it true that G has a 
(closed) copy of S2 if it has a (closed) copy of S^? 
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